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Statistical Properties of Two-Dimensional
Periodic Lorentz Gas with Infinite Horizon
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We study the asymptotic statistical behavior of the 2-dimensional periodic
Lorentz gas with an infinite horizon. We consider a particle moving freely in the
plane with elastic reflections from a periodic set of fixed convex scatterers. We
assume that the initial position of the particle in the phase space is random with
uniform distribution with respect to the Liouville measure of the periodic
problem. We are interested in the asymptotic statistical behavior of the particle
displacement in the plane as the time ¢ goes to infinity. We assume that the par-
ticle horizon is infinite, which means that the length of free motion of the par-
ticle is unbounded. Then we show that under some natural assumptions on the
free motion vector autocorrelation function, the limit distribution of the particle
displacement in the plane is Gaussian, but the normalization factor is (z log )2
and not 2 as in the classical case. We find the covariance matrix of the limit
distribution.

KEY WORDS: Lorentz gas; periodic configuration of scatterers; infinite
horizon; corridors; statistical behavior of trajectories; “super”-diffusion;
logarithmic corrections to square-root normalization; Gaussian limit distribu-
tion.

1. INTRODUCTION

In the present paper we investigate statistical properties of the two-dimen-
sional Lorentz gas with a periodic configuration of scatterers. The Lorentz
gas is an ensemble of noninteracting point particles which move freely with
elastic reflections from fixed scatterers. It was introduced in the beginning
of this century in works of Lorentz,! where it was assumed that the scat-
terers are randomly distributed in space. The Lorentz gas is a basic model
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for linearized kinetic equations.**) Ergodic properties of the Lorentz gas
were studied in works refs. 4-6.

In the present work we will consider the model of a Lorentz gas in
which the scatterers are convex and they form a periodic (crystal) lattice in
the plane. As a basic example, one may imagine a set of circular scatterers
of a radius a < 1/2 centered at the sites of a square lattice with unit space
(see Fig. 1). Since the particles in the Lorentz gas do not interact, they
move independently. So let us consider the motion of one of the particles
and assume that the initial position of the particle is distributed according
to the Liouville measure of the periodic problem on the surface |v| = 1. The
main question we are interested in is the asymptotic behavior of typical
(with respect to the Liouville measure) trajectories x(¢) as ¢ — co. More
precisely, the problem can be formulated as follows: What is the right
normalization N(z) such that there exists a limit distribution of
[x(¢)—x(0)]/N(¢) as t > co and what is the limit distribution?

This problem and the related one on the asymptotics of the velocity
autocorrelation function have been studied intensively over the 10 years
both theoretically and numerically (see refs. 819 and references cited
there). It turns out that the situation is different for periodic configurations
of scatterers with a “finite horizon” and for those with an “infinite horizon”
(“without horizon” in another terminology).

By definition a periodic configuration of scatterers has a finite horizon
if the length of free motion of the particle is bounded. Otherwise it has an
infinite horizon. It is noteworthy that actually if a periodic configuration of
scatterers has an infinite horizon, then there exist trajectories in which the
particle does not reflect from the scatterers at all (see a more detailed
description of such trajectories in the next section). In the example con-

Fig. 1. Square lattice of circular scatterers.
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sidered above of the square lattice of circular scatterers of radius a<1/2
the horizon is always infinite, since the lines {x=1/2} and {y=1/2} do
not intersect any scatterer. To construct an example of a system with a
finite horizon one may consider a configuration of circular scatterers cen-
tered at the sites of a triangular lattice with unit space. Then if the radius
a of scatterers lies in the interval \/5/4<a< 1/2, the system has a finite
horizon.

It was shown in refs. 7 and 8 that for any periodic configuration of
scatterers with a finite horizon the velocity autocorrelation function
satisfies the estimate

[{(v(0), v(1))>] < Cexp(—xt’) (L1)

with some C, k>0 and 0 <y <1, where the average {-) is taken with
respect to the Liouville measure of the periodic problem and (x, y) means
the scalar product of vectors x and y. Numerical simulations!’ give the
asymptotics

{(v(0), ¥(1,))> ~ (—1)" exp(—xn’) (1.2)

with y =~ 0.42, x ~ 1.4, where ¢, is the moment of the nth reflection of the
particle from the scatterers.
Denote

_ X0 - x(0))

ba) 41

Since
x(t)—x(O)zftv(s) ds

then

1 toat
D=7 jo ((V(s) V(")) ) dis ds’
_ ZIE fO jo ((¥(0), ¥(s' —5))> ds ds’

1 oprogs
=2_tjo Jo (v(0), v(s')) ) ds’ ds

Integrating by parts, we get that

1
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D(1)=5 | <0}, ¥(s))> ds 5,
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SO

o0

D= lim D(t)=%j (¥(0), ¥(5))> ds (1.5)

t— o0 0

This is the celebrated FEinstein—Green—-Kubo formula for the diffusion
coefficient (see, e.g., ref. 3). It shows that

_ —x(0)2> 1=
DEIE%Q‘(”—MX()L:EL ((V(0), ¥(s)) ds (16)

In ref. 8 (see also ref. 27) it was proved that for a periodic configuration of
scatterers with a finite horizon, x(¢) — x(0) obeys the central limit theorem,
i.e., the limit in distribution,

lim M:q (1.7)

t— 0 \/;

exists and m is a Gaussian random variable, {n) =0. Moreover,

. x{st)—x(0
y(s)= lim X(s) — x(0) )

I—> 0 \/;
is a Brownian process. It shows that for the periodic configuration of scat-
terers with a finite horizon, x(¢) — x(0) behaves at large ¢ like a realization
of a Brownian process.

In ref. 15 some heuristic arguments were given (see also ref. 9 for more
refined arguments) which predict the asymptotics

const
t

<(v(0), v(2)) > ~ (1.8)

for any periodic configuration of scatterers with an infinite horizon.
Substituting this asymptotics into (1.4), one gets that

_<Ix(0) =x(0)1*>

b 4

~const -1n ¢ (1.9)

so that the diffusion coefficient D =1im, _, ., D(¢) is infinite. One may expect
from (1.9) that a right normalization for [x(7) —x(0)1/N(z) for which it has
a limit distribution is N(z) = (¢ In £)'/2.(1%1628)

In the present paper we show that this is really the case and our main
result can be formulated as follows:
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For any periodic configuration of scatterers with an infinite horizon the
limit in distribution

x(1) = x(0)

fim S ® (1.10)

exists and W is a Gaussian random variable.

Moreover, we find a formula which expresses in geometric terms the
covariance matrix of n. The fundamental feature of the periodic configura-
tion of scatterers with an infinite horizon is the existence of infinite
corridors (“windows” in the terminology of ref. 16) along which a particle
can move unboundedly long. It turns out that the faster running away of
the particle to infinity than in the classical case is explained by the fact that
the particle moves sometimes very long along the corridors. In numerical
simulations one can see long “jumps” of the particle on the background of
random Brownian-like motion.®

To understand better the nature of those jumps, let us consider the
discrete dynamics of the particle. Let x, =x(¢,) be the position of the par-
ticle in the plane at the moment of the nth reflection. We are interested in
the asymptotics of x,— x, as n— oo for typical trajectories. We can write
that

n—1 n—1

Xp—Xo= Z (]+1 X)'— Z T, (111)

j=0

which is the decomposition of the trajectory into segments of free motion.
Hence

1 2
D":Z;qxn“x(ﬂ >
1 n—1 n—1
-2 X L)
i=0 j=0
1 n—1 n—1
=Z<'1’0| >+ RS )>——— IICLIS D) (1.12)
]*1 ]—1
SO
p°= lim D, =-<lrol >+2 Z {(ro, 1)) (1.13)

This is a discrete analog of the Einstein—Green—Kubo formula (1.5).

822/66/1-2-21
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It turns out (see refs. 16, 28, and 29 and Section 4 below) that because
of the corridors the distribution function P(R)=Pr{|r;| <R} of the length
of free motion has a powerlike tail at infinity,

t
1—10(R)~°‘janS (1.14)

(because of the invariance of the Liouville measure with respect to the
dynamics, Pr{|r;| > R} does not depend on j). It implies that the variance

of [r;],

Al =] R dP(R)

diverges logarithmically.

On the other hand, we prove in Section 5 that the correlation function
{(r;, 1) > is finite for any i# j. Moreover, because of the strong ergodic
properties of the system under consideration, one may expect that the
correlation function is rapidly decreasing to zero when |i— j| - 0. So we
deal in (1.11) with a sum of, in some sense, weakly dependent identically
distributed random vectors r; whose distribution has a powerlike tail
(1.14). We discuss this important point in more detail in Section 6 and we
show that the limit behavior of this sum as n — o is the same as if r; were
independent. Unfortunately, we do not have a full proof of this statement
and our considerations in Section 6 are based on some natural conjectures
concerning the character of the dependence of the vectors r;. Next we show
that the logarithmic divergence of the variance of r; leads to logarithmic
corrections in the normalization of x, — x; and we find that

. X, — Xo
nILH!O (nlnn)/?~ s
where € is a Gaussian random vector variable. We get a formula for the
covariance matrix of § which involves only some geometric characteristics
of the lattice of scatterers.

The setup of the paper is the following. In Section 2 we introduce some
geometrical notions which characterize the periodic configuration of scat-
terers with an infinite horizon. In Section 3 the discrete dynamics of billiard
systems is discussed. In Section 4 we calculate the tail of the distribution of
the free motion vectors and in Section 5 we estimate their correlation. In
Section 6 we consider the limit distribution of the normalized trajectories in
the discrete dynamics and in Section 7 we study it for the continuous-time
dynamics. In Section 8 our main results are briefly summarized and more
detailed calculations for square and triangular lattices of circular scatterers
are presented.
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2. CORRIDORS IN SYSTEMS WITH AN INFINITE HORIZON

In this section we give and recall some definitions and present some
preliminary results concerning the Lorentz gas and billiards (see also, e.g.,
refs. 5, 20, and 24). A scatterer is an arbitrary, closed, bounded convex set
Q in R? whose boundary 89 is a C*-smooth curve with bounded curvature
radius. Let Q,,..., 2, be an arbitrary finite set of scatterers in the plane and
e,, ¢,€R? be a basis in R% We will call Q,,.., 2y the basic scatterers.
Denote T;:x -»x+e; the shift in the vector e, i=1,2, and let, for
a=(j,m,n), where 1 <j< N and m, neZ,

Q,=T7T3Q;
be the shift of Q; in the vector me, + ne,. Then

{Q,,0ed={1,.,N}xZ?}

is a periodic configuration of scatterers with periods e, e,. In what follows
we shall assume that the scatterers do not overlap, ie., ,nQ,= if
o #pB.

The parallelogram

D={x=xe +x,6,]0<x;, x,<1}

is called the fundamental domain. Without loss of generality we may assume
that each basic scatterer @, intersects with the fundamental domain.

The basic example of a periodic configuration of scatterers is a set
of circles of some radius a>0 with centers in the integer points
(m, n)=me, + ne,. In this example N =1, i.e., there is one basic scatterer.
Particular cases, which are applied usually in numerical simulations, are
the quadratic lattice of scatterers, when e, e, form an orthonormal basis
(see Fig. 1), and the triangular lattice of scatterers, when |e,| = e, and
e,, e, form the angle 7/3.

A periodic configuration of scatterers Q= {Q2,, xe A} is said to have
a finite horizon if L > 0 exists such that any segment of the length L in the
plane intersects some scatterer. This means that the length of free motion
of the particle is bounded. Otherwise Q is called a configuration with an
infinite horizon.®%

Let @={Q,,ae A} be a periodic configuration of scatterers with an
infinite horizon and /= {w,te; + w,te, + b, te R}, 0, w,eR, beR?, be a
straight line in R? which intersects no scatterers. Denote L = {/} the set of
such lines.

Proposition 2.1. (i) The set L= {/} is nonempty. (ii) Any /e L
is rational in the sense that w,/w, is rational or infinite. (iii) The set L is
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decomposed into a finite number of classes L,, with the same value of
wi/0,=p/geQuU {}. (iv) L,, consists of a countable number of open
strips (corridors) such that any bounded domain in R? intersects with only
a finite number of such strips.

The proof of Proposition 2.1 is rather simple and we omit it. Now we
will present without proof some results which describe the properties of
corridors introduced in Proposition 2.1. We shall call two corridors C, C’
equivalent iff C'=T7T"C with some integer m, n. Let us enumerate all the
corridors which touch the basic scatterer 2, by Cy, k=1,.., N;; j=1,.., N.
We shall call {C;} the basic corridors. (Remark that in principle a basic
corridor can touch several basic scatterers, so it can be enumerated several
times.) One can see easily that any corridor C is equivalent to some basic
corridor.

It is clear that in corridors the particle can move unboundedly long.
It turns out that also, on the contrary, each sufficiently long free path lies
almost entirely in some corridor. Namely the following statement holds.

Proposition 2.2. There exist R,, R, >0 such that any finite
segment of the length R> R, which intersects no scatterers lies entirely,
except maybe for its extreme parts of total length less than R,, in some
corridor.

A simple corollary of Proposition 2.2 is the following statement.

Proposition 2.3. Consider in the plane a segment [x,y] of free
motion, x € 3Q,, y € 002,. There exists R, > 0 such that if |[x —y| > Ry, then
Q,, 24 touch some corridor C from different sides of C. Moreover, for any
¢>0 one can choose R, in such a way that if |[x —y| > R,,, then

X —x,| <e, ly—xg4| <e
where x,, x; are the touching points of C and Q,, Q;, respectively.

Proposition 2.2 enables to prove also the following result.

Proposition 2.4. Each trajectory of the particle in the billiard
either has no reflections from the scatterers (then it lies entirely in some
corridor) or has infinitely many reflections from the scatterers in both
directions of time.

3. DISCRETE DYNAMICS

Let us recall some definitions and results from the billiard
theory.2*2% We introduce first a natural coordinate at the boundary of
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each scatterer. To this end let us fix an arbitrary point O;€09Q; at the
boundary of each basic scatterer and fix the point O, = T''T30,; at 622, for
o= {(j, m, n). For xedQ, a natural coordinate of x is the length of the arc
0, x in the counterclockwise direction.

Consider a trajectory x(z) of the particle in R*\{J,.,£,, which
has reflections from the scatterers (see Proposition 2.4). Denote
{t,, —o0o <n< oo} the time moments of the reflections, in such a way that

et <ty <0< <t < -

The nth reflection is characterized by three quantities: «, =a(t,) € 4, the
index of the scatterer; s, =s(¢,), the natural coordinate of the reflection
point; and 5, =#(t,), the reflection angle (the angle with the sign between
the velocity vector v after the reflection and the outer normal vector n at
the reflection point). It is clear that the triple 4, = («,, s,, #,,) determines
the whole trajectory uniquely. In particular, it determines the triple
Ans1= (%415 Sys 15 Nns 1) Of the next reflection. The map

T: (O‘nysn’nn)—’(an+lasn+la ’7n+1) (31)

is the Poincaré section map. It acts in the phase space of triples

4= <{0<s<|691|}><{—-723<n<5}) (3.2)

ae A 2

T: A4 — A and it determines the discrete dynamics: 4, = T",.
Define the involution

St (o, 8,1)—> (a5, —4) (3.3)
It is easy to see that S is a symmerry for T in the sense that
S*?=8STST=1d (3.4)
(the identity map), so T is invertible,
T-'=STS

Another important property of T is that it preserves the Liouville measure
cos n ds dn, ie.,

> ”B cos n ds dn (3.5)

ae A

Y HT_I(B) cos 1 ds dn =

xed

for any finite measurable set B < A.
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Consider the map i:R?— T? which identifies all the points
{x + me, +ne,, m, ne Z} with x. In particular, i identifies all the scatterers
{Qmny m neZ} with Q, j=1,., N, so we can consider the scatterers
Q,,.., 2, in T? and a billiard system in T*\U,<;<n Q;. It is called the
periodic billiard system, or the Sinai Billiard.®® If x(t)=x,(t) e, + x,() e,
is a trajectory of the particle in the original billiard R*\{J,. , 2,, then
i(x(2))={xy(t)} e; + {x5(t)} e, is the corresponding trajectory in the
periodic billiard.

The phase space of the periodic billiard is

N T n
A= ({0<S<|8Qj|}><{—5<11<5}> (3.6)
j=1
which is the union of N cylinders, and the Poincaré map T: Ay, — A, is
determined by the condition that if T: (e, s #n)— (¢, s,n"), where
a=(j,mn), « =(j,m,n’), then Ty:(j,s,4)— (j’,s,n). The Poincaré
map preserves the probability Liouville measure

wolds dn) = Z =" cos nds dy
N N
z=3 j Jcosndn ds=2'Y 109, (37)
j=1 00; j=1
on A,. In what follows we shall use the notation
N
Siy=] [ poldsd)=2"" ¥ [[ (k) cos ndsdn. 2=(is,m)
0 j=1

A basic result of the billiard theory™>2*2® is that T, possesses strong
ergodic properties with respect to u,. This implies, in particular, that for
typical trajectories after n reflections, as n — oo, the fraction of the reflec-
tions belonging to a given domain B < 4, of the phase space tends to the
area of B with respect to the measure pu,.

For the discrete dynamics the problem we are interested in can be for-
mulated in the following way. Denote x(4) = x(a, s, ) € R? the point in £,
with the natural coordinate s (obviously it does not depend on 5). What
is the asymptotic behavior of x(7T”"1)—x(4), when n — o0, with respect to
the Liouville measure? More precisely, let us remark that x(7"1)—x(4)
can be viewed as a vector function on A, in the sense that if A=1(a, s, 1),
where o = (j, m, n), then x(7"1)—x(4) does not depend on m, n. Then the
problem is: What is the asymptotic behavior of {|x(7"1)—x(4){> when
n — o0, and what is the limit distribution when n — oo (if it does exist) of

x(T"4) — x(1)

3.8
(T2 —x(D)]> (8)
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where 1 is p,-distributed on the phase space 4,7 In a more general
framework one may think of an absolutely continuous distribution y(dA)
for A. Then an additional question is whether the limit distribution of the
vector (3.8) is independent of .

Denote

r(A)=x(T7) — x(4)

Remark that r(1) is the vector of free motion between points x(4) and
x(T4). As we noticed before, r(4) can be viewed as a vector function on the
phase space 4,. Now we can represent x(771) —x(4) as

(T2 —x() =S H(Th) (3.9)

which is obviously the decomposition of x(7”1)— x(A) into the sum of
vectors of free motion. Since r is a function on A,, we can change in the
last formula 77 for T, so we get that

(T —x() =S ®(Thi) (3.10)

j=0

Thus, the problem of the statistical properties of the vector
x(7T"1)—x(4), when n — oo, is just the problem of the limit theorem for the
vector function of free motion r(1) with respect to the measure-preserving
map T,.

In the following two sections we shall study some properties of the
distribution of r(1) with respect to the Liouville measure u,(dA) and of
the second moment {(r(771), r(1))>. Remark that because of an infinite
horizon, the vector of free motion r(4) is unbounded and the important
question for us is the asymptotics of the tail of the distribution of r(4) with
respect to the Liouville measure.

4. DISTRIBUTION OF THE FREE MOTION VECTOR

Denote the distribution of the vector of free motion r(4) with respect
to the Liouville measure g, by v°.

Proposition 4.1.2%3% The distribution v° is symmetric.

Proof. Since x(SA)=x(4), then, by (3.4),
r(STA) =x(TSTA) — x(STA) =x(SA) —x(STA)=x(1) — x{TA)= —r(4)
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but the distribution of r(ST4) coincides with that of r(4), because both §
and T preserve the measure pu,, hence r(1)= —r(4) in distribution, which
proves Proposition 4.1.

Let us turn now to the computation of the tail of the distribution
of r(4). Consider a long segment [x, y] of frec motion, x =x(4)€dQ,,
y=x(T.)e0Q,. By the Corollary to Proposition 2.2, there is some
corridor Cj such that Q; and Q4 touch C; from different sides of C, and

IX—xul <1, Jy—x4 <1

where x;, Xz are the touching points of C; and Q,, 2, respectively. In
such a case we shall say that the segment [x, y]=[x(1), X(TA)] belongs to
the corridor C; the notation is [x(4), x(T4)] € C.

Denote by d, the width of the corridor C, (ie., the distance between
its boundary lines) and by

O =05,€1+ Wpoe;

the unit vector which is parallel to the boundary line of the corridor Cj,.
Let x, €9Q,n 0C, be the touching point of ; and Cj, and n, be the
vector of the outer normal to 09, at x,. To choose @, in a unique way,
we shall assume that o, is in the counterclockwise direction from ny
(see Fig. 2). Let @3 = oy

Since by Proposition 2.1 @, /w,, is rational or infinite, Cj touches
a periodic set of scatterers. Let Q,; , ., be the closest scatterer to Q; in the
direction of wj which touches the corridor Cj from the same side as Q;
does. Denote by /i the distance between the touching points of the
scatterers Q; and Q,; x -, with the corridor Cy.

Let us compute the asymptotics of the probability

PE(R)=Pr{|r(1)| > R, x(4) € 02, [x(4), x(TA)] € Cy, (r(4), @) > 0}
4.1)
when R — 0.

t(z) 0]~ 27 <~TRY Tz 7

Fig. 2. A long segment of free motion.
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Proposition 4.2. For R— o0,

+R)— 1 o [ ’ -5/2
PR = a1 () + o) (42)

Proof. Let us consider for the sake of definiteness the asymptotics of
P (R). To simplify notations we write d=d, h=h; . Let x(1)e0£2; be a
point in a small neighborhood of x;. Let us introduce an orthonormal basis
f,, f, in B? such that f, =@, and consider a coordinate system (1, v) with
this basis and with the origin at x;,. We will assume for the sake of definite-
ness that €, lies in the half-plane {v>0}. Let (z, —d,) be the intersection
point of the segment [x(4), x(7T4)] with the line {v= —d,} (see Fig. 2).
Then

2= |x(TA)—x(A)] + O(1) = |r(1)] + O(1)

and so, to prove (4.2), it is enough to prove a similar asymptotics for the
distribution function of z. Let us compute the latter. We have

z

—t
d+ f(1)

=tan[#n + arctan f'(z)] (4.3)

where x(4) = (¢, v); v= f(¢) is the equation of 0€; in the vicinity of x; and
n is the reflection angle (see Fig.2). After some calculations we get from
(4.3) that

[1+wf(1)]dz
{1+ /(O L+ w2 [d+f(1)]

cosy dy =

where
z—1

YEaE Q)

Hence, the density of probability of the distribution of z with respect to the
Liouville measure Z ' cos 5 dn ds is equal to

. L+wf'(1) ds
plz)= f,om L Ar O E e T el

where to(z)=min, 1, t,(z)=max, ¢ under fixed z (see Fig 2). Since

ds/dt={1+[f"(1)]*}"”,

dt

p(z2)=2"" f”‘z’ 1+wf'(1)

ooy (1+ w2 [d+ f(1)]
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Now,

w=240(1), t(z)=0("") 1(z)=0(z""), f(t)=0(?)

d
SO
—1 1 atz) ’ —1
POV =27 g T 1A+ 06T @44)
Furthermore,

[ 0w 01 =3 () + 06)

fo(z)

A simple geometrical calculation gives that
hd
S =7 [1+0E"1]
so that

t1(z)
j [1+wf'(£)] di=h+0(z ")
o(z)

Substituting this formula into (4.4), we get that
hd?
p(z)=Z""—[1+0(@z"?)]
z

Hence

2

Pr{z>R} =L:O p(z) dz=Z*1h2—‘;§ [1+0(R )]

Proposition 4.2 is proved.

It is noteworthy that for large R the distribution —dp; (R) is localized
near points of a periodic lattice (by periodic lattice we mean here a locally
finite periodic set on the line). Indeed, according to the Corollary to
Proposition 2.2, for large |y — x|, x is close to x; and y is close to x;, the
touching point of the corridor Cj, and the scatterer 2, which contains y,
so |y —x] is close to |xz—x,|. Since the scatterers Q, form a periodic set
at the boundary of the corridor, then for large |x;— x| this quantity is
close to a periodic lattice, so |y — x| is also close to that lattice. It means
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that for large R the distribution —dp; (R) is localized near the periodic lat-
tice. As a consequence, the corresponding distribution density has d-shaped
peaks near the points of that lattice, so it does not have the regular
powerlike asymptotics

_ dpf,;(R):const to 1
dR R? R3

in spite of the fact that the distribution function p ; (R) obeys (4.2).
Denote

d= max max d
I<jSN I<k<N;

and consider the strips

Sy = {xeR*|dist(x, [;) <d}
around the lines

L= {xeR*|x=ta;, 1R,

which go in the corridor directions o,. Let

Then by the Corollary of Proposition 4.2, r(4) € S if R = [r(4)] is sufficiently
large. This means that the support of the distribution v°(dr) of ¥(4) resem-
bles an “octopus,” with 2M legs stretched out in the corridor directions
o7, where M is the total number of different corridor directions.

Proposition 4.3. (|r(1)|> < o0, (r(4)> =0, (Jr(A)1*) = 0. More-
over, if ¢r(x)=|x|* for |x| <R, ¢ r(x)=0 for |x| > R, then
(Pr(r(4)))> =Coln R+ O(1) (4.5)
when R — 0.

Remark. This means that the variance of r(4) diverges logarithmi-
cally.

Proof. We have

»

<r(i)>=J 1v(dr) =0
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because v° is symmetric. Next, for large R, >0,

f\r|>R i v°(dr)=z i 2 .[: R[—dp;(R)]
= Z i Z I:ROP;ZF(RO)-I-JOO P;i(R) dR} <
j=1k=1 & Ry

because of the asymptotics (4.2). Similarly, for R; — oo,

| I¥|2 v0(dr)

Ri>|r|> Ry

=% 3 [ R (R

j=1k=1 2 "Ro

DI { [R3 P (Ro) = Ripji(R))]+2 f Rpj; (R) dR}

j=1k=1 +
= constln R, + O(1)
which proves (4.5). Proposition 4.3 is proved.

In the next theorem we calculate the singularity at the origin of the
characteristic function y(t) of the free motion vector r{A).
Theorem 4.4. Fort—0, te R%:
x(t)= (expli(t, r(1))1D
N N
= exp [ Y2 ot @) In (L, @] + (At t) + O(Itlg/“)}

Jj=1k=1
where
1

W S—— N T
AR, jeg e e T e
and (A4t, t) is a quadratic form.

Proof. We have

x(t) = {exp[i(t, r(4))])
=Jexp[i(t, r)] v°(dr)

=J exp[i(t, 1)] v°(dr) +f exp[i(t, r)] v°(dr)
ES

Ir{> R

= 1o(t; R) + x,(t; R)
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The function y,(t; R) is analytic for any fixed R. Compute the singularity
of y,(t; R) at the origin.

As we mentioned above, supp v°(dr) outside of a circle {|r| > R} for
large R consists of several components, “octopus legs,” corresponding to
different basic corridors. It enables us to represent y,(t; R) as

N N
LGR)=Y Y Y xi(tR) (4.6)
j=1 k=1 +

where

1 (6 R) = explift, )] v (dr; R) (4.7)

Sﬁ{(R)

where

SE(R)={reSy| +(r,w;)>0,[r|> R}
and

vi(4; R)=Pr{r(A)e 4, Le Vi (R)}

where

V]l/;(R)z {(S, ’7)|f0r A= (]’ S, ’7):
Ir(A)| > R, x(4) € 02;, [x(A), x(TA)] € Cy, £ (x(4), wy) > 0}

Remark that (4.6) is a sum over the basic corridors and the + directions
of those corridors.

Let us compute the singularity of yz (t; R) when t - 0. Let r=(x, y),
where x, 1 are coordinates in the orthonormal basis f, = wjk, f, with the
origin at x, = 00, dCy. Denote

Pee )= [ vitaray)

y

For the sake of brevity we do not indicate the dependence of P(x, y)
on j, k. By (4.7)

G R)= [ explitt ] v (dn)

ik

2
=j exp[i(ux—kvy)]—d—ggx’—y)
s+

dx d
i (R) dx dy Y
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Consider the domain
U={(x, p)eR?| |y—dy| <|x|°*}

We state that

supp v (s R)cU (4.8)
(if R is large enough). We use here again that any long segment of free
motion lies almost entirely in a basic corridor. A simple geometrical

calculation shows that the condition that [x(A), x(T4)] does not intersect
the closest scatterer Q, implies that

| ¥(2)] < const - [r(Z)| 7

where
x(4)=(x(2), y(4)),  ©(A)=x(TA)—x(4)
Similarly,
| W(TA) — d | < const - [r(4)] ™!
80

| W(TA)— y(2) — dy| <comst - [r(4)|

which implies (4.8). Remark that (4.8) means that the support of v, (-; R)
lies in a narrow region around the line y = d;.
By (4.8) for x> R,
P(x, y)=0 if y>d,+x*”
P(x, y)=Po(x) if y<dp—x"*”
where
Py(x)=Pr{x(1) e 0Q,, [x(4), X(TA)] € Cy, (r(4), ®,;)> x}

Remark that, by Proposition 4.2 for x — o,

+

Po(x) =9‘;§+ O(x?) (49)

Define in the half-plane {(x, y)|x > R} an auxiliary function Q(x, y) such
that
if y=d;

(x) i y<d, (+10)

ot =1
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and decompose y; (t; R) into the sum of three terms,

1% (6 R)=a(t; R) + B(t; R) +(t; R) (4.11)
where

alt; R)= ” exp[i(ux—#vy)]dz—g%yl)dxdy

{x=R}

d*(P(x, y)—O(x,

B(t; R)= H expli(ux +vy)] (P(x c)i))ZdyQ(x /))dxdy

{x= R}

d*P(x,

96 R) = ﬂ exp[z’(ux+vy)]—d;—%dxdy

Sp(R\{x> R}

Notice that since S;,:(R)\{sz} is compact, then y(t; R) is analytic in t.
Let us compute singularities of «(t; R) and fS(t; R) at t=0. We have by
(4.10) that

dPy(x)

d
dx x

aft; R) = —j: expli(ux + vdy)]

= —exp[i(uR + vdy)] Po(x) +j (iu) expli(ux +vdy )] Po(x) dx
R
In addition, formula (4.9) implies that

[ " expliux) Polx) dx= | expliux) (%Jr O(x‘s/z)) dx

R R

Since

o d
f exp(iux) _)Zc: —iuln fu| + r(u)
R x

where the function r(u) is analytic at y =0, we get that
a(t; R) = o u” In [ul + oo(t; R) +a,(t; R)
= (t 0y)* In (8 @) +ao(t; R)+ay (G R)  (4.12)

where the function a,(t; R) is analytic at t=0 and |a,(t; R)| < const - |t|*
Next, differentiating by parts twice, we get that

Bt R)=— (o) [ explilux+uy)]

{xz R}

x [P(x, y) = Q(x, y)] dx dy + Bo(t; R)
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where the function By(t; R) is analytic at t=0. For the sake of brevity, let
us write

b R) =[] explitwr +0)] [P(x, 5) = Q(x )] dx dy

so that
B(t; R) = —unb(t; R)+ fo(t; R)
Then
b(t: R)=b(0; R)= || {expLilux +0y)] = 1}[P(x, )~ Q(x, )] dx dy
{x=R}

Let us decompose the last integral into the sum of two integrals, one
over the domain {|t|"">>x>R} and the second over the domain
{x>=1t|~"*}. In the first domain

lexp[i(ux +vy)]— 1] <2 |t|"?
$0

{expli(ux+vy)] — 1} [P(x, y)— O(x, y)) dx dy

{itt"2=zx= R}

<20 [ PG ») - Olx, )l dxdy

{1t-1¥2 = x= R}

|t‘—1/2

dx
<Ci” [ S<Cl”
R

The integral over the second domain is estimated as follows:

{expli(ux +vy)] = 1)1 =1}[P(x, y)— Q(x, )] dx dy
s 1012

<c [ Zccpe

|t|—1/2
Thus we get the estimate

|b(t; R)—b(0; R) < C, [t]'?
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This implies that

B(t; R) = B(t; R) + B,(t; R) (4.13)

where
1B:(t; R) < C, [t (4.14)

and B,(t; R) is analytic at izO.
Summarizing relations (4.10)-(4.14), we get that

i (& R) =00 (8, ;)7 In [(t, @) + £(t; R) +1(t; R)

where £(t; R) satisfies the estimate |&(t; R)| <const-[t|*? and 5(t; R) is
analytic at t=0. A similar formula is valid for ;. (t; R). Summing up all
these formulas in j, k£, and +, we get that

N

1) =) Z %ty @) In [(t, @ )]+ 0(t) + (1)

J=1 k=1
where
|6(t)| < const - [t]*?

and {(t) is analytic at t =0,
Proposition 4.1 implies that

9 oy 9L 0y =
ot (0)—6t2 (0)=0
In addition, ¥(0)=1, so
_ o8 oy o
(O)=1 £-0)=220)-
Hence
In x(t =Z Z 2t @) I |(t, @50)] + Oo(t) + Lo(t)
Jj=1 k=1
where

16,(t)] < const - [t]>?
and {,(t) is analytic at t=0 and

aly o
50(°)=a_f;(°)‘ % (0)=0

822/66/1-2-22
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This implies that
Lo(t) = (At, t) + O(|t]*)

and so
N

In x(t) Z

j=1 k=1

I Mz

)2 In | (t, @, )] + (At t)+ O(|t]*?)

Theorem 4.4 is proved.

5. ESTIMATES OF CORRELATIONS

In the previous section we have shown that r(A)]*> = co. Now we
will show that

(A (T ) < 0 (5.1)

for any n #0.
Denote by v,(dr, dr,) the joint distribution of vectors r(4), r(7"4)
with respect to the Liouville measure uq(dA).

Proposition 5.1. The distribution v,(dr, dr,) is invariant with
respect to the transformation P: (ry,r;) = —(r,, ry).

Proof. In this proof we will denote by (r;,r,) the pair of vectors
. e d .
r,, T, and not their scalar product. In addition, x = y denotes the equality
of distributions of random variables x, y. We have

(r(A), x(T"A)) = (2(T~ "~ SA), f(T~'S4))
because both T and S preserve u,. Next,
TAn 1_(STs)n+1 STn+1S

and
r(STA) £ —1(})

SO
(H(T="'S4), 1(T~'SA)) = (((ST"*+'A), x(STA)) = — (x(T"A), x(1))

SO
(r(A), x(T"4)) £ — (r(T"2), ¥(2))

The proposition is proved.
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Corollary. ([r(A)], [f(T"A)]) = (Ie(T"2)L, Ir(2)]).

Now we prove (5.1) for n=1. To that end, we calculate the
asymptotics of the tail of the distribution v,(dr;, r,) of vectors r(4), r(74).
Assume that [r(4)|, |r(TA)| are big enough. Then the vector [x(2), x(T4)]
belongs to some corridor C, which means that from x(4) to x(T'4) the par-
ticle moves long inside C, almost parallel or antiparallel to its direction
®;,. This implies that in the collision at x(TX) the particle changes very
slightly the direction of its velocity and so the next segment of free motion
[x(TA), x(T?4)] also lies almost entirely in the corridor Cj. The main
observation is that in a typical situation, however,

\x(T?A) — x(T)| ~ const - [|x(T4)—x(4){?] (5.2)

(see also refs. 24 and 29). Since the function Pr{|r(i)| > R} decreases as
const - R~2 when R — oo, (5.2) implies that {|r(A)| [¢(TA)! is finite. Unfor-
tunately, the constant in (5.2) is not uniform in 4, so we actually need more
refined arguments. In what follows we estimate the tail of the distribution
v,(dry, dry).

Consider for positive R,, 4;, R,, 4, the region in the phase space

V_]%(Rlv AI) R27 A2)
= {Aedylx(A)e0Q;, [x(A), x(TA)] e Cy,

+(r(A), 04)>0, R, <[r(A)| <R;+4,, Ry < Ir(T2)] < Ry +4,}
(53)

We will estimate the probability

p]%(RlaAsz,Az)z J Ho(d;)

VE(R), A1, Ry, 42)

of such types of regions. Consider a big integer number 7, such that any
segment of free motion of the length greater than (n,)* belongs to some
corridor and put for m, n = n,,

qi(m,n)=pr(m? 2m+1,n%2n+1)
Proposition 5.2. The numbers g;(m, n)>0 have the following

properties:

(1) qj% (n,m)= qj%(ma n).
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(i) 3C, Cy >0 such that

=0 if n<Cy/m

R, +R
(R'”—;)’;Amzi,, it Cm<n<m

q]% (mﬂ n)
<G,

where R,,=m?* A, =2m+1.

Proof. (i) Follows from the Corollary to Proposition 5.1. (ii) Let us
introduce some notations. Let x(4) € 02, [x(4), x(TA)]e Cy, x(TA) €022,
and x,=092,nCy, x,=00Q2,n C,. Consider the coordinate system (x, y)
with the orthonormal basis f; = @, f, and with the origin at the point x,,
so that x is the coordinate along the corridor Cy, y is the orthogonal one,
and x,=(0,0). For the sake of definiteness we will assume that the
scatterer , lies in the upper half-plane { y >0} and the x coordinate of the
vector r(4) =x(T4)—x(1) is positive.

Consider the point z(4) =(z(4), 0) of the intersection of the segment
[x(4), x(T4)] with the x axis. It is clear that

lz(A)| <h (5.4)

where 4 is the period of the scatterer lattice in the direction @, so |z(4)]
is uniformly bounded. The same calculations as we used in the proof of
Proposition 4.2 above lead to the following asymptotic formula for the den-
sity p(z) of the distribution of z(1) with respect to the Liouville measure

Ho(dA):

20+
p)=" 4+ O(R™T™),  R-oo, |z(A)<h (5.5)
R3

where R=|x,—x;|. Remark that |x—y|/=R+O0(1) for any xedQ,,
yedQ,, so (5.5) remains valid if we change R for |x —y|, where x, y are
arbitrary points at 0€2;, 0€2,, respectively.

Let us estimate now R’ = |r(TA)| = |x(T?4)—x(T1)|. Denote by {, {’
the angles (without sign) between the x axis and the vectors r(1), r(T4),
respectively. Consider the line / which is parallel to [x(4), x(74)] and is
tangent to 2, from below. Let v= (v, 0) be the intersection point of / and
the x axis. Then direct geometrical calculations give the formula

ZC 1/2 s
[- _¢+2[?(U_Z)] (14 O([L(o—2)]")
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where p is the curvature radius of 0Q, at x,. Simple further calculations
lead to the asymptotic formula

a R
R =g rie oM (56)

Let us discuss this formula. One can see that in the typical case —z is of
the order of 1, and in that case R’ is of the order of \/ﬁ However, for
small z of the order of R™!, R is of the order of R. In particular,
R'=R+0(1) for z=0, which corresponds to_the reflection at x,. We are
interested in the case when R’ < R + const - \/E, so we may assume that

z=2z(A)< R
Due to (5.6), the condition (5.4) implies the inequality
R’ >const- /R (5.7)

Assume now that R, < R< R, +4,,, R,,=m?, 4,,=2m+ 1. Consider such
z in (5.6) that R, < R'"< R, + 4,, n<m. Direct calculations based on (5.6)
show that the length of the segment of those z’s is equal to

_R,+R,pd

A r
TR 4

4,[1+0n™")]

so according to (5.5) the probability of this segment does not exceed

const 5’"—+—R—'1 A4
(R,R,) "

This gives us the estimate of the probability of the set
ViR, 4,,, R,, 4,) 0 {x(TA) € 0Q,}. Summing up over all admissible y,
we get the estimate

R,+R
qj%(m’ n):PI'{V]%(Rm, Ama an An)} < const .EE”I—R—)%A"AM

The inequality (5.7) implies that g3 (m, n) =0 if n<const~ﬂ. Proposi-
tion 5.2 is proved.

Proposition 5.3. {|r(1| [r(TA)|> < c0.
Proof. Write

V(R)={/ied, | Ir(A)| > R, [r(T)| =2 R}
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Since

IF(2)] (T2 o(d) <2R [ Je(A)] po(d2) S 2RCIR(A) > < o0

J‘Ao\ V(R) A\V(R)

it is enough to estimate

Jyo TEON TR (i)

for some R >0. Moreover, since for large R,

Jy IEA T2 @=3 LT [ T sl

J=l k=13 yr(r o0, R )
where the sets Vi (R, 4, R,, 4,) were defined in (5.3), it is enough to
estimate
[e(A)} [r(TA)| po(dA)
Vj,lt(R,oo,R,oo)
Consider a large integer number s, such that any segment of free motion
of the length greater than (n,)” belongs to some corridor. Then we have

Ir(A)| [e(TA)] po(dA)
VE (), o0, (n0)% 0)

oo oo

-y 3 J Ir(A)] [e(T2)] poldi)
m=ny n=ny V*(mz 2m+1,n%2n+1)

<Y T m+1)P(n+1) [ Ho(dA)
m=ny n=mngy I/j%(m2,2m+l,n2,2n+1)

Z Z (m+1)* (n+1)? 4t (m,n)

m=ng n=ng

By Proposition 5.2

Y Y (m+1)?(n+1)qi(mn)
m=ny n=nrnp
© m 2+
<Y Y 1@+ G CmE 20+ )
m=non=[C\/;]
«C m 1 oo
<o Emt § oS<eTom
n=[C =

]n

m=ng

Proposition 5.3 is proved.
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Now we turn to the proof of the relation (5.1) for any #> 1. Consider
a trajectory of the particle in a corridor Cj. Let

x(1)e0Q,, x(Th)ed,, x(T*A)edQ,,,.x(T"*'1)edQ,

paeeee {

where all the scatterers Q;, 2, ,.., 2, . touch the corridor Cj,. Introduce
a coordinate system with the orthonormal basis f, = @, f, and with the
origin at x; = 0Q,n Cy. For the sake of definiteness we will assume that
the particle moves to the right, so that if x(774) = (x(T™2), y(T™1)), then
x(T™2)>x(T™'A) for m=1,.., n. In addition, we will assume that the
even scatterers 0Q,=0Q, , 0Q,,, 0Q,,,... lie in the lower half-plane {y <0},
while the odd ones 09, , 6Q,,,... lie in the upper half-plane {y>d;}. In
principle it is possible that two subsequent scatterers 02, |, 02, lie on
the same side of the corridor Cj (see Fig. 3). We shall consider this case
later.

Denote by z,,(1) = (z,,(4), u,,(1)) the intersection point of the segment
[x(7™"~'4), x(T™1)] with 0C,, which lies near the point x(7™4). It is
noteworthy that u,(4)=0 for even m and =d,, for odd m. Let us fix the
initial point x(1) and consider small perturbations of the velocity vector at
the initial moment. In other words, we consider 4= (j, s, ), where j, s are
fixed and # is varied. We want to study the dependence of z,,(1) on #. Since
J, s are fixed, we redenote z,,(£) by z,,(). Write ©,, = |x(T™) —x(T™*4)]
and call p,, the curvature radius of 0@, at x(T74).

Proposition 5.4. We have

d

(i) §%>Q m>1
3

iy e A5

dmel-pm—l(Tm_*_Tm—l)
Xx[1+0((z,,) '+ (tpy) DI, m22

Fig. 3. Subsequent reflections from neighboring scatterers.
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Remark. Simple geometrical considerations show that r1,, ;<
const-t2, so that point (ii) implies that dz,/dz, ,>const-t,,, which

m?

means that the map z,,_, — z,, is strongly expanding.

Proof. Denote by (,={,(n) the angle without sign between
r(T" 1) =x{(T")—x(T™" 1) and ;.. We will prove (i), (ii) by induc-
tion. We have

C1=g‘““_’7

where o is the angle between the tangent line to 8Q; at x(4) and o, and

d—y

=tan {, (5.8)
where x(4) = (x, y), d=d. So
d,
—= -1 5.
- (59)
and
dz, dz, |: <zl—x>2]
o Pl g— 1+ 5.10
an . (d=y) iy (5.10)
Let us assume now that
de—l dszl
dn <0, dn >0 (5.11)

for some m>2 and prove similar inequalities for d(,,/dn, dz,./dn. For the
sake of definiteness we will assume that m is even.

Consider a small perturbation (z, {) of the pair (z,,_,,{,,_,) and a
trajectory starting at the point (z, d) with the velocity v = (cos {, sin (). Let
v={(cos{’, —sin {’) be the velocity in this trajectory after the reflection
from Q,  and let (z’, 0) be the intersection point of the trajectory with the
x axis after that reflection. We have a map

Swo1: (2,02, 0)

which is defined in a neighborhood of the point (z,,_, {,,_ ). By construc-
tion,

Sm-I: (Zm—l’Cm—l)—)(Zmaém)
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Direct calculations give that

62/_sinC sm{ 2t
dz sin{’ sinl’ pcosg

(5.12)

where ¢’ is the length of the segment between the reflection point at 0Q2,
and z' = (z',0), p is the curvature radius of 0L,  at the reflection point,
and ¢ is the angle of the reflection. Similarly,

_6_zi_z+t’ 21t
 sinl’ psin{ cose

_QQ_ 2sin ¢ (5.13)
dz  pcoso
%_1 2t

=1+

54 p cos @
where ¢ is the length of the segment between the point (z, d) and the reflec-
tion point at 02, . We have

dz,, 07’ dz,_, 0z B s
_d’;_“g(zm)mevl) d”] + ac (mel,Cmfl) dﬂ

Due to (5.12), (5.13),

oz’ oz’
E(Zm*1’£m71)>0a _a_c(zm715§m71)>0
so in view of (5.11)
dz
790
dn
Similarly,
d¢,. ol dz,, 1 o dt,,
dn - 62 (mel’cmfl) dl’] + aC (melacmfl) d’] <0

Part (i) is proved.
By (5.11) &, /dz,,_, <O0. Equations (5.12), (5.13) imply the recur-
sive “continued fraction” formula ?%2?
dl,, sin {,,,
=2 b+ !
m 2 1
+ 5
Pm—1€0SHy, ¢ _ SlnCm~1
mt defl/dmel
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where
Ly =1X(T"'A) = 2,(A), 1) = X(T" 'A)—1z,,_(4)|

and 75,_, is the reflection angle at the point x(7™ '1). Since
sin {,,= 0(1/t,,) we get that

d 1
=0 5.14
2= (z) 19
Next,
dz 0z’ oz’ 7/
r = — = 5.15
dmel az (melﬂ Cm41)+ ac (ZmAI’ Cm—l)dZm_1 ( )
By (5.12)
oz’ sin{,,_; sin{,,_; 2t,,
—__(melﬁszl): : . :
0z sin{,, sind,, Pm_1C08H,,_ 1
Remark that 2¢,,_,+{, ==, so
cos Izsinw
" 2
and
82’( ‘ )_sin (g sin{,, 2t,,
aZ EmtrEm )= SinCm SinCm pmAISin%(Cmfl_‘—Cm)

In addition, ¢, = |x(T™ 'A)—zm(A)| =,, + O(1) and

. 1 1
sin Cm=—+0<—7>
T T

m m

SO
%(Zmﬂ’ C”’l)zpm_lrm?((:;-"z_i ottt Ot b +1,]
:Pm~1?T(;m)13+‘cm) [1+0(, +7,1)] (5.16)
By (5.13)

oz’ S M 2t t,
——(melacm—l)z - . 1
aC s Cm Pm—1 sin Cm sin 2(Cm—1 +Cm)
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Since ¢, = |x(T™ 'A)—z,, ()] =0(1), we get that

0z 1 -
et folalo) )
lm Z‘mfl

a_C(Zm~l= Cmfl)

so in view of (5.14)

8z’ a,, 21 1\
P s Con <C m -
i ot 22 <0 () )
t3
=C
[n141([m71+lm)
3
<C0 1-m 'T71

Hence, due to (5.15), (5.16) we get that

dz 4(r,)>
m__ m 1 O —1 —1
dzm—l pm—l(‘cm—1+rm)[ * (Tm_1+rm ]

Proposition 5.4 is proved.
Consider now a trajectory of the particle in a corridor Cj,

x(A)edQ;, x(Ti)edQ,, x(T*1)edQ

e X(T" 1) €80,

Tn+1

where all the scatterers Q,, Q. ..., Q, ., touch the corridor C, and the
reflections represented in Fig. 3 are admitted.

Proposition 5.5. We have

@) “r0 m>1
dn

(i) dz,, A(t,)’°

dzm—l_pmfl(‘cm*—‘rmfl)

Xx[1+0((z,) '+ (Tpo) D1, m22
if the scatterers 2, ,, 2, lie on another side from the corridor C, than
., _ does.
d 4 2
(111) Zm _ rm*l(rm)

dzm—2 Pm—1Pm—2Tm—2C0S N, _>CO81,,

X [1+0((t,) " + (1271,

m=3
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if the scatterers €2, Q

Q Q. do.

Ym—2? ¥

. lie on another side from the corridor Cj, than

m-32

Proof of this proposition goes similarly to the proof of Proposition 5.4
and so we omit it. Let us turn now to the proof of the main result of the
present section.

Theorem 5.6. For any n>1, {|r(1)| [r(T"1)]| > < c0.
Proof. Denote
V(R)={i€ Aol Ir(A)| = R, [1(T"2)| > R}

Since

Ir(] [R(T7)] po(dh) S2R [ [r(2)] uollh)

Lo\ V(R) Ao\V(R)

S2R{T(A)] > < o0

it is enough to estimate
[ @)l T2 ot
V(R)

for some R> 0. If R is big enough and |r(4)| > R, then the whole trajectory
x(4), X(TA),..., x(T"*'1) belongs to a corridor Cy in the sense that

x(2)edR,, x(TA)edR,, x(T°1)edQ,,..,
X(T"* 1) e @, (5.17)

where the scatterers £, Q. ..., 2, | touch the corridor C,. Denote by
Vi (R) the set of 1€ V(R) for which the trajectory x(4), X(T4),..., x(T"*12)
belongs to the corridor C; and goes in the direction +w;. We will
estimate

fﬂ Ir(A)] [r(T"2)] po(dA)

Jk

Y12

(we chose the sign + for the sake of definiteness). Let us fix scatterers Q
Q... £,  and denote by V; (R; 71, V25 7n41) the set of A€ VZ(R) for
which (5.17) holds. Actually the set V7 (R;7,,72,..., 7,4 1) can be empty
and we will assume that this is not the case. We will also assume at first
that the even scatterers 0Q2,=0Q,, 0Q,,, 02 lie in the lower half-plane

Y02 v2? 4000
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{y<0}, while the odd ones 4Q
{y=d;}. Accordingly, we write

082,,,.., lie in the upper half-plane

71

GO ={T'={y1, Y20 Vn 11192, =2}, 2, < {y <O
Q 9-37'"7C {y)d]k}’

r1° 7

e dy:x(T"1)edQ, ,m=0,1,.,n+1}
Let us estimate

Ir(A)] Ir(T7A)] po(dR)

Vi (R Y1 V20 Vi 1)

for {Vla"'s Tn 1} € G’(P). Let

where

Since x(74) e 0L, , we have that
ir(T™4)| =t,,+o(1), m=0,.,n R-wx
sO

Ie(D)] (T A)| po(dA)

Vi (RYL V20 Vr 1)

= tot,, j po(dA)[ 1+ 0(1)]
Vi (RYL Y20y T4 1)
= 101, PV (R; Y15 Vasres Ynat) }[1 + 0(1)] (5.18)

To estimate Pr{V(R;7y,72,sVay1)}, We fix in addition some point
x€08; with a natural coordinate s, which lies near the point x; =
002, Cy, and consider the set

Asz {n|)“=(1’ S, 7’)6 VJZ(R9V1> y2a'--7 yn+1)}

so that

Pr{Vi(R; 71,7200 Vns1)} =27 def cos 11 dn

s
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where

N
Z=2Y |09
j=t
For the sake of brevity we do not indicate the dependence of 4, on j, &,
R, 7, V20 ¥nri- We want to estimate the measure of the set 4,
with respect to the measure cosndy. Consider the intersection point
Z,,1(1)= (2,4 1(n) 4, 1(1)) Of the segment [x(7"2), x(T"*14] with 0Cy,
which lies near the point x(7"*'2). Let

APV =z, 4(n)Ined,}

Denote by |4+ 1| the diameter of the set 4"+ 1. It is clear that
|A§n+ 1)‘ < h
where 4 is the period of the scatterer lattice along ®,. Consider similar sets

A" for all m<n+ 1. By point (ii) of Proposition 5.4 we have the recursive
estimate

Lt bt
Mﬁ'")ISC—Wslldﬁ )
SO
i t t
4D <k ] [c%} (5.19)
m=1 m

By (5.8), (5.10) we have that

dz, z,—x\? 1
cosndn‘(d_”[l*(d—y) Linmzl)
(11)2

sin(fa + )

—(d—)

where d=d,, x(1)=(x, y), and tan a = f}(x), where y = f;(x) is the equa-
tion of 4R, (we assume that &, lies in the lower half-plane {y<0}). In

addition,

d—y

T

0 <sin(o+¢,;)=sin o cos {, +cos asin {; <sin o+
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and 7, = |x(TA)—x(1)| = t,+ o(1). Hence

j cos y dn < const - [sin o+ (2,) " J(#5)~ J dz,

A
= const - [sin a + (,) ' ](2o) > 1A§1)|

Remark that the condition that the segment [x(1), x(74)] does not
intersect the scatterer next to £2; implies that

|s| < const -\/%

so we get the inequality

Pr{ VJZ(R7 Vs Vasess )/,,+1)}

=Z‘1jdsf cos 1 dn
4,

< const - ds[sin o+ (25) "' 1(2e) 72 |41
{isl < const \/t—o}

Since [sin a| < const - |s]|, we come to the estimate
Pr{V i (R; 71, V20w Vur 1)} ScODSE - (15) > max [4")]
5

so in view of (5.19) we get that

" bt
Pr{ V]Z(R’ Pis V2o ))n+1)} s const - (10)73 H |:C‘—_—)—3_1:|
m=1 m

where

zm = Ix)’m_xym—l

Due to (5.18), this implies that

(D] Ir(T"A)] po(dr.)

VARV Y20 Vn i

< const- (1) 21, ] [cti%—l} (5.20)

m=1 (tm 3

The condition that the segments [x(T™7'A), x(T™A)], [x(T™i),
x(T™*'4)] do not intersect right and left of @, scatterers along the
corridor C; implies that

Coltn)* 2 sy 2 Ca/1, (5.21)
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Let us enumerate all the scatterers 2, touching the corridor C, in the
following way. The enumeration is a one-to-one map i: {Q,} — Z which is
determined uniquely by the properties:

(i) dQ,)>iQ,) i x,>x, or x,=x, p,>p, where
(x,, y,)=x,=08,n 0C; (monotonicity).
(i) i(Q;)=0 (normalization).
One can see that 3C, > C, >0 such that
CHQ,) —H2,)| 2 %, — %, | > C, i(@,) —i(2,)]  (522)
According to this new enumeration, we have from (5.20), (5.22) that

(r(A)[ e(T"A)| po(di)

VAR 71, 920 Yy 1)

< const - (i) % i, [] [COM] (5.23)

m=1 (im)?

where 7, = (@2 —i(2, ), m=0,.., n. Hence

Ym+l)

[e(A) [e(TA)] po(di)
{Pnrr G Vi

e (R 715 9200 Yt 1)

" iy iy
< comst- Y (ip) i, T] [CON—I]
1

. = (im)’
where in view of (5.21), (5.22) the latter sum is taken over the set
L= {{ig, t s, 1) iy in 2 R; Csipy_1)* =i
> Coli,_ ) m=1,.,n}

Whﬁre C5 = Cl Cg/C‘;, C6 = C2 A/ C4/C3. Write

Snzz(io)gzin ﬁ [CO{%?—J]
In 1 m

e
Since
[Csi2_j1+1 P4
n—1 ‘ 172 :
Co—7—<Co(Cs+ 1)(i,,_1)'* <,
in= [ Colr—1)12] e

we get that S, <S,_,. So §,< S| < oo0. Thus we have proven that

()] (T2 po(di) < co

©
1 ynen} e Gy V(R 71, V200 Pri 1)
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This means that we have estimated the contribution to j,, + g, from the tra-
jectories x(4), X(TA),..., x(T"* 1) which go at each step from one side of
the corridor C; to another.

Consider now an arbitrary trajectory x(4), X(TA),.., x(7"*'4) which
goes along the corridor Cj so that the reflections shown in Fig. 3 are
permitted. Let x(T"4)edQ, , m=0,1,.,n+1, and for some m>3 the
scatterers Q. ., £, liec on the other side of the corridor Cj than @, .
Q, . do. Recall that by point (iii) of Proposition 5.5 we have the followmg
relation:

dzm 4Tm-1(Tm)2

A2y Pm—1Pme2Tpr—2 COS M3 COS
x[14+0((z,) '+ (1,,_5) "]

where 1,, = |x(T™1) —x(T™~'1)| and n,, is the reflection angle at the point
x(T™4). It is easy to see that

Cm—2+Cm=

_ m—11
/P o P >

where (, is the angle without sign Dbetween the vector
r(T7 ') =x(T"A)—x(T""'1) and ®,. Hence

T N T
Smg‘_zj‘c_=3m(’7m—z+”lm~1)

SO

COS 7,y 5 COS 1, 1 < 5(COS T, 5 +COS T, )
=[(t,) " "+ (1, ) ' P+ 0((z,,) '+ (z,-2) D]
Thus

n

dz S 167,, ,(t,)*
dZmJZ/;Dml1pm~2”:m—2[(1‘-m)71 + (Tm72)-1]2
X [1+0((tp) '+ (t,n—2)"")]

3
(Tm) TimnTm—2
Tm+Tm72 Tm+fm-—2

= const -

Comparing this inequality with point (ii) of Proposition 5.5, one can see
that the expansion coefficient dz,,/dz,, _, of the double reflection shown in
Fig. 3 is greater than the expansion coefficient dz,,/dz,, _, of a single reflec-

822/66/1-2-23
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tion. This means that all the estimates we used for trajectories with only
single reflections remain valid for general trajectories with both single and
double reflections. So we get that

fvt(m ()] E(T"A) poldh) < o

Jk

Theorem 5.6 is proved.

6. STATISTICAL BEHAVIOR OF TRAJECTORIES IN
DISCRETE DYNAMICS

Equation (3.9) implies that

n—1 n—1

AX(T"A)=x(DI*>= 3 Y (T2, K(T'2))

i=0 j=0

=ndE P> +2 S (= KA R (61)

J

SO

o i XA =X

n-— o0 4n

1 1 &
2 <Ir)PP> +5 Y (D), x(T"4))> (6.2)

which is a discrete variant of the Einstein—Green—Kubo relation (1.5). In
the case under consideration

{Ir(A)?> = oo (6.3)
(by Proposition 4.3) and
[<(x(4), r(T"A)) )] < o0 (6.4)

for any n>1 (by Theorem 5.6). A strong generalization of the last result is
the following conjecture.

Conjecture I. There exist C>0, k>0, and 1>y >0 such that for
nx=1,

|<(x(4), *(T"2)) 5| < C exp(—«n”) (6.5)
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For a periodic Lorentz gas with a finite horizon this was established
in ref. 8. Numerical results reported in ref. 16 give for a square lattice of
circular scatterers the asymptotics

CV(4), ¥(T"2)) > ~ (—1)" exp(—xn’) (6.6)

with y=10.86 + 0.06 (apparently independent of the radius of scatterers).
Here v(T"A)=rx(T"1)/|[r(T"1)| is the velocity of the particle between the
nth and (n+ 1)th collisions. [It is noteworthy that the fast decrease of
the velocity autocorrelation function in (6.6) implies that the series
o o I<(v(A), v(T"(4)))| is convergent. However, the convergence of this
series does not imply that the discrete diffusion coefficient D in (6.2) is finite
(see in this connection refs. 9, 16), because the equality D = co is related to
{|r(2)|*> = oo and not to the divergence of the series of correlations. ]
In view of the relations (6.3), (6.4) we have from (6.1) that
x(T"A)—=x(A)|*> = co. To find the right normalization of

(T —x(1)= ¥ ©(T/A)

Jj=0
for n — oo consider the sum

n—1

S,= ) &
=0
of independent identically distributed random variables §; with
g < H(T72) 2 r(2)

The question we are interested in is: What is a right normalization for S,
and what is the limit distribution of normalized S,? Since the variance of
r(4) is infinite, it is not the classical case with the normalization in square
root of the number of random variables, but still the variance diverges only
logarithmically, so one may expect the appearance of some logarithmic
corrections to the square root normalization.

To study this question in more detail, let us consider the characteristic
function of S,,,

1a(t) = <exp[i(S,, ) 1> =[x(t)]"
By Theorem 4.4

[()]"=exp {n |3 3 ol o)+ L0+ 0(|t|9/4)}}
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SO

. S,

<e"p H(n ) ‘)D

- _t AT

- [X ((n 1nn)‘/2)]

a(t, @, )2 t
P {n l:jzl kzl ninn tn [((” In n)!?’ mjk)
(At 1) 0(t"")

T nn +(n In n)”g]}

= exp [— = Z z (t, w,)*+0 <lr;;1;n>:|

_/lkl

tm (oo (G 1)) =o0{ -2 2, 2, ewe o}

Thus, the characteristic function of

S,  _¥i%§

(nlnn)?" (nlnn)?

Il

SO

converges to the Gaussian function

1 N
CXP{—EZ Z o (t, %) }
j=1 k=1
SO
n—1
lim ——L'—O—ljizg’; . (6.7)

n-oo (RInn)

where § is a Gaussian random variable with zero mean and the covariance
matrix

NN
o> =2 Y %r D Dsioms Llm=1,2

j=1k=1

where £=({;, &), 04 = (01, @) In (6.7) and later we consider the
convergence of random variables in weak topology.
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Now we formulate our main result. Its proof is based on Con-
jectures I/, II, and III, which are formulated below and concern some
properties of the dependence of the vectors r(774).

Theorem 6.1. Let the distribution of le4, be the Liouville
measure po(de dr)=Z"' cos ¢ dp dr. Assume that Conjectures I’, 11, and
III which are formulated below are true. Then

. x(T")—x(4)
lim ——————=

6.8
n— (n In n)l/z ( )

where £ =(¢,, &,) is a Gaussian random variable with zero mean and the
covariance matrix

NN
Dlm=<6lém>= Z Z ajkwjklekmf [,m=1,2 (69)
j=1k=1
where
1 2 + -
o hjkdjk, hjk:hjk +hjk

S S ANFToN

and ®; = (wy,, ®y,) is the direction of the corridor Cy; dj is the width
of this corridor and #j are the distances from the scatterer Q; to its
neighbors along the corridor C,.

Remark. In a stronger version of the theorem one may think of any
distribution u(dA) of A on A, which is absolutely continuous with respect
to po(dA) with

0<CO<M<C

polar) ~ !

A statement is that the limit (6.8) exists for any measure u(d/) satisfying
these properties [and so it does not depend on u(di)], but we will not
discuss this stronger form of the theorem here.

Proof. Actually we state that the asymptotic behavior for n — oo of
the sum ;’.;é r(T72) is as if r(T/1)were independent random variables.
Some formal explanation of that comes from the fact that the correlation

coefficient of r(77A) and r(7T71) is

o RTRT)Y
KD = e e T

0, i#j
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because the numerator is finite while the denominator is infinite in the last
ratio. In the rigorous proof, however, we need much more difficult and fine

estimates.
Introduce a cutoff for r(4):

] 172
r() = {TU«), if r(A)l<(nlnlnn)
0 otherwise
Since

Pr{|r(A){ = (nlnlnn)*?} ~const - (nInlnn)~!

we have that

n—1 1
Pr{z r(T‘]/{)= z r(n)(lel)}Zl—n. const

o izo nininn

const

“Inlnn
o)

lim Pr {il (/)= Y r<">(m)}=1

n— w0 j=0 i=0
Hence to establish (6.8) it is enough to show that

lim =0 T

noow  (nlnn)l?

(6.10)

(6.11)

Let us calculate the asymptotics of the covariance matrix of r”(1)=

(r{(2), r$(1)) when n— oo. We have

PO = [ retn, Lm=1,2

Ir| < (nln In #)12

where v°(dr) is the distribution of r(1). So by Proposition 4.2

(rf Ay riP(2)y

(1 1n In n)1/2

Mz

J=1 1

N Inlnn
= <JZ Z ocjkwjk,wjkm)lnn(:1+0< T ):I

=1k=1

- D,mlnn[1+0<lnln")]
Inn

ST LY | 2 s (Re) (R dR+O()
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so that
AR r(R)
lim ————2 "~
n— oo lnn

:Dlm:<§lém>a l7m:1a2 (612)

This shows that the covariance matrix of r’(1)/(Inn)"? converges for
n— oo to that of &
Let us estimate the covariance matrix of
n—1

S r(T2)=8(3) = (S(A), ST(A)

j=0

We have
n—1n—1

(SR SDA> =Y T CrT) r(TI2))
i=0 j=1

= Y (=P Ty (613)

j=—n+1
A natural extension of Conjecture I is the following.

Conjecture 1. There exist C>0, k>0, and 1 >y > 0 such that for
jzland nzl,

<P TR < Cexp(—ks?),  Lm=1,2  (614)

This implies that

fil (1= )PP TR < T 1K) T2 < Co

j=1

j=
Similarly,

_Zl (n—1j)<r () ri,’,”(T"i)>? < Con

Jj=—n+1

On the other hand, by (6.12),

n{r(A) r®()>=D,,nlnn [] +0 <ln In n)}

Inn

Hence

n—1 m) Tz n—=1  (myTis1 Inl 7
oo 1T 2o T (T4 _ )y 1+0<n I (6.15)
nlnn Inn
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so that the covariance matrix of (nlnn)~"2 3120 r®(T7A) converges for
n - oo to that of &,

Now we use the celebrated Bernstein method of proving the central
limit theorem for random processes. Here we follow ref. 8 with some
natural modifications. Let us decompose the interval 4 =[0,n—1] into
nonoverlapping subintervals

=AW (2) (1) (2) (2) (1)
Ad=4770vA47 0470450 047 04,

in such a way that the length |4"| of each 4" except the last one is equal
to [n/lnln n], while the length of each 4? is equal to [n7], where

1/3>3>0 (6.16)

and [4"| < [n/lnln n]. From the definition it follows that

(12)lnlnn<p<2lnlnn
We can write
n_1 . L . st ;
Z r"(T/A) = Z Z r(T72) + Z Z r(T72) (6.17)
j=0 s=1jea s=1 jed®

Let m=(p—1)[n"]. By (6.10)

{z ¥ 1= S s

s ljeA §= 1]5A2

const
Inlnm

SO

lim Pr{z Y r(TA)= z Z r"”’(T’)} (6.18)

i s leA( 5= leA

In addition,

172
m(m In In m) <n@m-1n

(nlnn) =42 2 Z [P (T74))

et (nlnn)'?
By (6.16), (3/2)y—1/2<0, so
lim (1lnn)=2'Y Y RT3 =0 (6.19)

n— o SljeA)

Relations (6.18), (6.19) show that the limit of (n1nr)~"2 720 r™(TVA) as
n — oo is the same as the limit of

6,(%)=

5

6,(4)

1

I M=
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where

6, (A)=(nlnn)" "2 Y r"(T/}) (6.20)

Y]
jed

Let us remark that different ¢,,(4) are related to different parts of the tra-
jectory {T71, j=0, 1,.., n— 1} separated by the “corridors” 4*. Because of
strong ergodic properties of the map 7, one may expect that ¢,,(1) are
almost independent for different s. For a periodic Lorentz gas with a finite
horizon this statement was established in ref. 8. We formulate it in the form
of a conjecture.

Conjecture ll. For any fixed te R?,

(e i Si c>}>—n Cexplilt, 0,0} =0 (621)

=1

lim

h— o0

Remark that []7_, {exp{i(t, 6,,)} > is the characteristic function of
the sum §,=37_, &, of independent random variables §,, with

d

&ns

)

ns

The relation (6.21) implies that

lim 6,= lim §,

n— n— o0

if the latter limit does exist.
To show the existence of

7
lim §,=lim } §,=¢§
H— oG n— o0 s=1
we have to verify Lindeberg’s condition (see, e.g., ref. 25): For any ¢ >0,
P
lim {[E01?) =0
s=1

where

o {o i (8, <1
I N P

By Tchebyshev’s inequality,

ey < Sleul® <|am! >



360 Bleher

so our aim is to show that

nlim i (Igul*) =0 (6.22)
We have o
&l = lond >
=(n1nn)‘2< Y. r(TV4) 4>

jeall

=(nlnn)~? Y (T, x"(T72R))
j1,jz,j3,j4eA§”

X (r(T5L), v (T#)))D (6.23)

Let us first estimate in the last sum the sum of diagonal terms. Since

(n1n In )2

d
ey = f Ir]*vO(dr)< C J r4r—§<Cn1n1nn (6.24)
Ir] < (7 1n In n)!72 0
we have that
ST =140 EO(A) > Cr—nininn=Cn? (625)
n

je Ai”
To estimate off-diagonal terms, we formulate the following general conjec-
ture. Let

diam{j,.., ji } = max 1= Jml

slm<

Conjecture lll (Estimates of truncated correlation functions of the
fourth order). There exist C >0, k>0, and 1>7>0 such that for n>1,
I, L, 15, 1,=1,2, and pairwise different j,, j,, j3, ja€ Z,

[<rEP(TR2) ri(T22) r(TRA) i (T72) )]
< C,expl—x(diam{j,, ja, /3, ja})"]
| (i (T2) r (TP (TPA) 1%
— {r(T) ri(T2A) S (T7) Y
< Cyexpl —«(diam{jy, ja, j3})']
| CDre(T72) ] [ri(T2A) 12 — (ri(T1A) )2 i (T20) )7
< Cpexp(—x |ji—Jal")
[<IrTH AT g (T722) 101 < Cpexp(—k | j1 = fol?)
where C,= C{r'"™(1)|*>.
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This conjecture is closely related to the thermodynamic formalism
developed for billiard systems in refs. 7, 8, and 24. The thermodynamic for-
malism enables us to represent the invariant Liouville measure as a Gibbs
measure on Z with the action of T as a shift of Z in 1. In this context the
estimates formulated in Conjecture IT1 are just the usual estimates of
truncated correlation functions of a one-dimensional Gibbs measure.

The number of quadruples {j,, j,, j3, 4} With diam{j,, j,, j3,/4} <J
and with fixed j, does not exceed Cj°, so we get from Conjecture I1I and
(6.24) that

<|§ns[4> — (n In n)JZ Z <[l'(n)(le/l), r(")(szA)]

L 1
Jiojas sz jae 4

X [r(")(Tj%), r(”)(Tj“i)]>

<(nlnn) 2 Conlnlnn Y Y jPexp(—x")<Ci(lnn)?
jreat =1
So

P

Y g *y<Cilnlnn(lnn)?

which implies (6.22).
This finishes the proof of Theorem 6.1.

7. STATISTICAL BEHAVIOR OF TRAJECTORIES IN
CONTINUOUS-TIME DYNAMICS

The aim of this section is to extend the main formula (6.8) to the con-
tinuous-time dynamics. In what follows, to distinguish x(¢) from x(1) we
shall denote it x,. As before, we denote by x(4) =x(j, s, ) the point at 6Q,
with natural coordinate 5. Let v(4) =v(J, s, #) be the velocity vector of the
particle between x(1) and x(7A). The angle between v(/) and the normal
vector n at x(4) is equal to #, and |[v(1)| = 1.

We shall assume that the initial conditions x,|,_, and v,|,_, are
random and

X, | —o=x(4), Velico=V(4) (7.1)

where 1 is a random point in A4, distributed according to the Liouville
measure uy(di)=Z""cos ¢ dp ds. Our main result in the present section
concerns the description of the statistical behavior of x, as ¢ - co. We shall
show that Theorem 6.1 implies that
—-X
lim ———% =

5
Jim g™ 72
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where & is the same as in Theorem 6.1 and

r= ()] y = JA Ir] v(dr) (7.3)

is the spatial mean of the length of free motion. Let us remark that by
Proposition 4.3, 7 is finite.
We shall use the following abstract lemma.

Lemma 7.1. Assume that for any >0, a,eR* and b,eR are
random variables on a probabiiity space (X, B, #) and the probability
distribution of a, converges as t — oo in weak sense to a probability dis-
tribution v(da), while b, converges as ¢ — oo almost surely to a constant 5°,
Then the probability distribution of b,a, converges as ¢ — oo to that of b°a,
where the distribution of a is v(da).

Proof. We have to show®® that for any ¢ € C'(R¥),

lim [ o(b,(x)a,(x)) u(dx) = [ ¢(%) v(da) (7.4)

— o

Denote
Xi={xeX||b(x)—b° <e, |a,(x)| <g

Then for any &> 0 there exists #,>0 such that u(X?)>1—¢ when 1> ¢,.
For xe X,

lo(b(x)a,(x))— @(b%,(x)) <ol CH{RK) g'?

S0

lim U 9(b(x) a,(x) p(dx) — | @(b°,(x)) w(dx)| =0 (15)

On the other hand, the weak convergence of a,(x) implies that

lim [ (b, (x)) u(dx) = | p(t%8) v(da) (7.6)

t— 0

Since (7.5), (7.6) imply (7.4), Lemma 7.1 is proved.

Let us denote by 7,=t,(4) the time of the nth reflection at the trajec-
tory x, with the initial conditions (7.1), so that

x, =x(T"A)
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Since between collisions the particle moves freely with velocity 1,

ty—=ty_ = [X(T"A) = x(T" " '2)| = [r(T"~'2)]

n

hence

n—1

=Y Ir(172)|

j=0
By the ergodic theorem we get that almost surely

n—1

t .
lim —nfz lim n=' Y, [(TA) =Lr(A)|>=1 (1.7)
n—oc = _/ZO
This implies that almost surely
. t,Int,
lim —F==1
now HInA

and

lim Zn+11n tn+1:1
noowe  1,Int,

Assume that 1, <t<t,, . Then by Lemma 7.1 and the last two equations,

lim XI_XO N XI_XO

_ . X, — X
n—w (110 l‘)lﬂ:nl}»nio (¢t,1n t”)m:r 7 Jim g (78)

n—co (n In n)l/z

Let us remark that if 7, <r<71,,,, then x, lies in the segment [x(771)
x(T7*'4)], so |x,—x(T"1)| < [r(T"2)|. Therefore almost surely

9

X, —x(T"4)
S ey O

SO

. X,—Xo . x(T"A)—x(4)
nlirr:o (I’l In n)l/z_n—»oo (I’l In rl)l/z

=&
so by (7.8)

Jim X X0 _ &

Pl (zlnt)1/2"7;

Formula (7.2) is proved.
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8. DISCUSSION

We have shown in Theorem 6.1 that in a periodic Lorentz gas w1th an
infinite horizon

X, —Xo
lim —2 X0 _ 8.1
Jm S 3.1

(discrete dynamics) and

lim w:i (8.2)

> (tln l)1/2 \/;
(continuous-time dynamics) where &= (&,,£,) is a Gaussian random
variable with zero mean and the covariance matrix

<é é > Z z kwjklekm3 ls m= la 2 (83)
j=1k=1
where
1

ajkzmhjkd?ks hjkzhﬁ; +/’l]; (84)

and @ = (@, Wy,) is the direction of the corridor Cy; dj is the width
of this corridor and A3 are the distances from the scatterer , to its

neighbors along the corridor Cy, and

= ey =] el ()

is the mean time of free motion. Our proof of Theorem 6.1 was based on
Conjectures I, II, III, which are formulated in Section 6. They concern
some estimates of the dependence of the free motion vectors r(7/1), je 7.

Let us define the quadratic form generated by the covariance matrix,

A(Z5Z): Z DlmZIZm
lm=1,2

It follows from (8.3) that

Z Z Jk((")z2

j=1k=1

so that the covariance matrix is positive if there exist two nonparallel
corridors.
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Equation (8.2) shows that the diffusion coefficient

D= lim L x(t) —x(0){*>

-0 4t

is infinite and so we have a sort of “super”-diffusive behavior of trajectories
x(t) as ¢t —» 0. In this context the number
2>

1 x(t) —x(0)
D=-{|lim ————r-
4< A ()2
is the coefficient of the “super”-diffusion. Actually we have a matrix of the
coefficients of the “super”-diffusion,

s (/1. x(0)—x,0) . x,(1)—x,(0)
D_<<2tlfrio (0”2 >>,,m:1,z

By (8.2), (8.3)

(L XN
D:<2— Z > “jk%k/%km)

Im=1,2

and

Similarly, (8.1) shows that the diffusion coefficient in discrete dynamics is
infinite as well. It is noteworthy that there is a sort of duality between the
behavior of the diffusion coefficients in continuous-time and discrete
dynamics: For the continuous-time dynamics the diffusion coefficient turns
out to be infinite because of the slow decrease of the velocity autocorrela-
tion function [see (1.8)], while for the discrete dynamics it is infinite
because of the infinite variance of the free motion vector and not because
of the slow decrease of the correlation function of the free motion vectors.
This explains a discrepancy between the properties of the diffusion coef-
ficients in the continuous-time and discrete dynamics which was noticed in
ref. 16. Furthermore, one may introduce the coefficient of “super”-diffusion
in the discrete dynamics as
)

1
DO=-
4<

X, —Xp

im ————
n—ow (nlnn)'?
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By (8.1), (8.3)
5 o (8.5)

Let us consider some particular cases.

Square Lattice. Consider a square lattice with unit space and let the
scatterers be circles of radius @ < 1/2 centered at the sites of the lattice.
Because of the square lattice symmetry the covariance matrix

(&8> =2D%,,

is diagonal. If a;ﬁ/4, there are only two pairs of basic corridors which
are paraliel to the x and y axes (we have one basic scatterer and two basic
corridors in the direction of each axis which touch the basic scatterer from
different sides). In that case

1 1
D°=—2.2(1 -2a)*=— (1 —2a)?
87taz ( @) 27ta(1 2a)

Ifa< ﬁ/4, there are more basic corridors and with a decrease of a more
and more new basic corridors appear. Let us consider the limit of low
density, a - 0.

By Proposition 2.1 the direction o, ={wy,, w,,) of any corridor is
rational, so that w,/®,, = p/q. We are interested in knowing for which
p/q such a corridor does exist. Because of the symmetry of the square
lattice, we may assume that p>0; ¢>0. We may also assume that p, ¢
are relatively prime, (p,g)=1 [we suppose that (0,1)=1 while
(0, g) #1, ¢>17]. Let us project all the scatterers onto the y axis in parallel
to the vector (g, p). Then a corridor in the direction (g, p) exists iff under
this projection the images of all the scatterers do not cover the y axis
entirely. The projection of an integer point (n, m) is m —n(p/q) =r/q, and
the projection of a scatterer with a center at (n, m) is a segment of length
I=2a{p?+ q*)"*/q with a center at r/q. So the corridor in the direction
(g, p) exists iff 2a(p>+ ¢*)"*/q <1/g, or

1
2L )2
(P~ +4q°) 3

The width of this corridor is equal to

1

dpq:W—Za (86)
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and the (minimal) period of the lattice along the corridor is equal to
L= (p*+¢")"? (8.7)
According to (8.5),

o (8.8)

where N, is the number of basic corridors and we write «, instead of o
since we have now only one basic scatterer. Actually it is more convenient
to index each corridor by integer numbers p, g where the vector (g, p) is
parallel to the direction of the corridor. [As before, we have for each vector
(¢, p) a pair of basic corridors which touch the basic scatterer from
different sides. This gives an additional factor 2 in subsequent formulas.]
So we rewrite the last formula as

D= Z %pq

(p.q) € Sq

where the summation goes over the set

1
Sf{(P, 7)1g>0; p=0; (p, q)=1; (p2+612)”2<5} (8.9)
By (8.4), (8.6), and (8.7) we get that

1
D= Z apq:% Z 2Lqu§q

(p,g)€ Sa (p.9)€Sa
1 2
P:q)€3q

We have not used yet that g is small. The inclusion-exclusion formula gives

that for ¢ —» 0,
s - (e

(p.g) € S,

where the product goes over all prime numbers. By the Euler formula

1 r 1 1 -6
O e e e R
SO

26 ) 3

(P, q) € Sq

5 [14 0(a')] (8.11)
8na

822/66/1-2-24
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Similar calculations give also that

1

2 2172 _ 1 1/4 1
X )= 0] (8.12)
and
1 3 va
o P a1 O] (13
D:4)EDg

From (8.11)—(8.13) we have that

1 S|
2+ 21/2<_______2> — 1 0 1/4
oy VO G2 S U O]
so by (8.10),
1
DO:W[I—FO((IU“)] (814)

We will show in the Appendix that the mean length of free motion satisfies
the estimates C,a~' <1< C,a™!, where C,>C,>0 are absolute con-
stants, so the coefficient of “super”-diffusion D= (1/1) D° satisfies the
estimates

Ca~'<D<Cla" (8.15)

where C’ > C >0 are absolute constants.

Triangular Lattice. Let the scatterers be circles of radius a<1/2
centered at the sites of the triangular lattice with unit space. Let e,, e, be
a basis of the lattice, |e,| = |e,| =1, (e;, e,)=1/2. If a>\/§/4, there are no
corridors and the system has a finite horizon. Let a < \/3/4. Because of the
triangular lattice symmetry the covariance matrix {¢,£,, > =2D%,, is again
diagonal. To compute D°, we use the same scheme as we did for the square
lattice and we get the following expression:

3 ﬁ 2
D=~ (p2+pq+q2)”2< —2a>
4na (p,g‘e 7, 2(p*+pg+q*)'"?

where
Ta={(p, q)1g>0; p=0;(p, q)=1;|qe, + pe,|

2)1/2 < ﬂ}

o 2
=(p +pg+q ia
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For a -0,

25 36
DO_ {22 [1+0 14)]

Again, as for the square lattice, the mean length of free motion satisfies the
estimates C,a~' <t < C,a™!, so for the coefficient of “super”-diffusion we
have the estimates (8.15).

APPENDIX. AN ESTIMATE OF THE MEAN LENGTH
OF FREE MOTION

Let us consider a square lattice of circular scatterers of radius a>0.
Our aim is to prove that for ¢ — 0 the mean length of free motion
= {|r(4)| ) satisfies the estimates

Cia'<t<Cya! (A1)

where C, > C, >0 are absolute constants. Without proof this was stated in
ref. 9. Our proof is based on the following lemma.

Lemma A1. Any segment [x,y] of free motion of length
|x —y| > 100a ' belongs to a corridor.

Proof. lLet y—x=r=(r,,r,). We may assume that 0<r,<r; and
w=r,/r, is irrational. Let us expand @ in a continued fraction,
w=1[a,, a,,..]. Denote

P
= [al 9ees aZ]

n

Let us choose # in such a way that
qn<3a‘1<qn+l (Az)

For the sake of definiteness we will assume that p,/q, > w. Then

&>w>l’n+1:}7n~1+an+1Pn>Pn~1+(an+1—1)pn
qn 9nty qn~1+an+1qn qn71+(a"+1_1)qn
9n—1
and
1
0<Pr gy Pr Prer_ . Ad)

Gn 9n  Gn+t Dudn+t1 39n
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Let x€0Q2,, ye 0€2;, and
Q=T9THQ,, Qy=T¢'THQ,, Q,=T"T5Q;
— T‘fn’*qnflTFz’n*’PnAlQa

Consider a line /; which is tangent to Q,, Q, from below and a line /,
which is tangent to Q;, 2, from above (see Fig.4). Then [/, and /, are
parallel and their incline is equal to p/q.

We state that: (i) /; lics above /,; (ii) the strip between /, and /, is a
corridor; (iii) [x, y] belongs to that corridor. To prove (i), let us remark
that the inequalities (A3) imply that the segment [x,y] passes between Q;
and Q,, so /; does lie above /,. Let us prove (ii).

Let C be the strip between /, and /,. Assume that a scatterer Q; exists
which intersects C. Because of the periodicity of the lattice of scatterers in
the direction of C, we may assume that @2, lies between Q; and Q, in the
sense that the projection of the center of Q, onto the line /; lies between
the projections of the centers of 2; and Q, onto this line. Let us denote the
center of a scatterer 2. by O, E=u, f,.... Let Q,=T7T5Q,. It is clear
from Fig. 4 that O, lies inside the angle £ 0,0,0,, so

wsg—wéﬁ—w
q

qn

pn»l_
dn-1

and ¢ <g,+¢q,_,. This means that either p/q gives a better approximation
of w from above than p,/q, does or p/g gives a better approximation
of  from below than p,_,/g,_, does. Since both are impossible for
9<q,+q,_,, we have proved (ii).

To prove (iii), let us assume that [x, y] passes between scatterers
(T*T5) Qs and (T9T5)+'Q;, j=1. Then, a simple geometrical
calculation shows

2a
(Pa+q)'"”

tan n > (AS)

Fig. 4. An illustration for the proof of Lemma Al.
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where 7 is the angle between the segment [x, y] and the line /,. But from
(A4) it follows easily that

a (l\/i

P PR e

n<
A contradiction between (AS5) and (A6) proves that [x,y] cannot pass
between scatterers (T%7T5") Q5 and (T#T45) *' Q,, j= 1. Using the same
arguments as in the proof of point (ii) above, we get that actually
ye(T9"T%) Q, for some j>1. Lemma Al is proved.

Let us prove now the estimates (Al). Let

W= {Aedy |r(A)|>Ma '}

where M > 100 is a large constant which will be chosen later. We have

e = ] old)+ | 1) pold)
<Ma~t+ [ 0()] old2) (A7)

To estimate [, [r(4)| po(dA), let us remark that if A€ W, then
Ir(A)| = Ma~'>100a!

so by Lemma Al, [x(4), x(TA)] belongs to some corridor C,, so that
W={J¥ , W,, where

W.={ie W|[x(4),y(4)]e C.}
By Proposition 4.2 we have the basic formula

+
%K

Pr{ie Wy, [r(A)| 2 R, £(r(4), w,) >0} =z U +ei (R)] (A8)

where ¢ (R)=O(R~'?) as R — c0. An inspection of the proof of Proposi-
tion 4.2 shows that an absolute constant A >0 exists such that for
R>Ma™ 1,

Gy

FR) € ——5

_Co_ o
(aR)V? ™ ¢ (aR)*?

where C, > Cy>0 are absolute constants. Hence

czockasjw IX()] poldA) < Caea
k
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where C, > C, >0 are absolute constants, and

C2<§ ock>a<f Ir(/l)luo(d/l)<C3<§i ock)a

k= k=

By (8.8), (8.14)

SO
C“’&rlgj It(4)] oldh) < CVa !
w

where C' > C® > () are absolute constants. Hence we have from (A7) that
CO% << (CP+M)a™!

Estimate (A1) is proved.
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